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Preface 
In this dissertation, I concentrated on the study of pricing models for financial 
options. Option trading forms an integral part in portfolio management. 
Indeed many financial strategies and decisions can be analysed from the 
perspective of options. We explore the characteristics of various types of 
options and discuss the theoretical framework within which fair prices of 
options can be determined. The derivative products are modelled as partial 
difl'erential equations. This dissertation contains five Chapters, each divided 
into a number of Sections. 
The first Chapter introduces general characteristics of financial 
derivatives. The fundamental concepts in financial option theory like arbi-
trage, hedging, self-financing strategy, are discussed and definitions of these 
terms are presented. 
In the second Chapter we have given a generalization of Black-
Scholes model of option pricing based on the assumption that the return 
process on the "hedge portfolio" follows astochastic process. At the end of 
this Chapter we have dicussed the derivation of the Block-Scholes formula 
through the partial differentiable equation based on the construction of the 
complete "hedge portfolio''. 
In the third Chapter we review well known results on how the prob-
abilit}' density function for staying between two barriers can be expressed in 
several ways. We have also discussed analytical expressions for the proba-
l)ility density of the first passage time for the upper and lower barriers. At 
VI 
the end of this Chapter we give some pricing formulas for different kinds of 
double barrier options. 
The Chapter four deals with the Pricing of exotic options. Some 
experimental results, on option values are given given for single/ multi assets 
employing Monte Carlo Simulation for Call/Put options. The camparision 
with well known methods for double barrier knock-out option is also made 
and results are presented in the last Section of the Chapter. 
The Chapter five discusses how to value or price American Put 
options. The alternative representations of the Mckean equation for the value 
of American Put option is discussed in detail. 
In the end, we have given a comprehessive list of refeiences of 
books, monograghs, edited volumes and research papers related to the option 
pricing theory and for the work carried out in this dissertation. 
Vll 
Chapter 1 
Preliminaries 
"VVe introduce some basic types of options traded in financial markets and 
present definitions of terms commonl}^ used in the financial option theory, 
such as self-financing, arbitrage, hedging, stochastic process, random vari-
able, Brownian motion, Ito's lemma, normal and log-normal distribution. 
1.1 Basic Definitions 
1.1.1 Option 
An option is a contract which gives the holder the right (liut not obligation) 
to buy or sell an asset by certain date for a predetermined price (pre-agrecd 
price). In this contract the buyer is known as holder and seller is known as 
writer. Option is classified either as call option or put option. 
1.1.2 Call Option 
A call option is also contract which gives the holder the right but not oblig-
ation to buy a fixed number of units of an asset on (or before) some future 
date (exercise date) at a pre-arrange price (strike price). The owner of cah 
option wants the asset price to rise, the higher the asset price at expiry the 
greater the profit. A call opting will never be exercised if the spot price of 
the asset is below the strike price in the contract. 
1 
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1.1.3 Put Option 
A contract giving the right but not the obhgation to sell an asset on some 
future date at a price fixed when the contract is first taken out is known as 
put option. The owner of put option wants the asset price to fall as low as 
possible. A put option will be exercised if the spot price of the asset is below 
the option price. 
1.1.4 European option 
If the option can only exercised on the expiration date, then the option is 
called a European option. 
1.1.5 American option 
If the exercise is allowed at any time prior to the expiration date, then the 
option is called an American. 
1.1.6 Exotic Option 
An option that differs from common American or European in terms of the 
underlying asset or the calculation of how or when the investor receives cer-
tain payoff is known as exotic option. These options are more complex than 
options that are traded on an exchange, and are generally traded over the 
counter. For example, one type of exotic option is also known as a chooser 
option. This instument allows investor to choose whether the options is a 
put or call at a certain point during the options life. This type of option can 
change over the holding period and it is not be found on a regular exchange. 
1.1.7 Basket Option 
A type of option whose underlying asset is a basket of commodities, securities, 
or currencies. An option contract in which the underlying asset consists of 
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several different assets. A basket option provides a way for a corporation to 
hedge against several different risks at the same time. However, a rainbow 
option is exposed to the risk that only some, rather than all, of the underlying 
assets will move in the direction benefiting the holder. A basket option is 
also cahed a rainbow option. 
1.1.8 European Type Basket Options 
For a basket of European type option there is no need for a time discretisa-
tion . The underlying asset can be valued directly at time T. 
1.1.9 Asian Options 
An Asian option, is defined on certain times within the period [0,T] The 
asset value needs to be calculated at all time point that the payoff function 
dictates. A finer discretisation is not required. 
1.1.10 Barrier Options 
A Barrier Option is completely time dependent. This implies that the time 
interval [0,7"] needs to be fully discretised. In theor,y, a finer mesh should 
give a more accurate results. 
1.1.11 Terminal payoffs 
Con.sider a European call option with strike price X and let ST denote the 
price of underlying asset on the date of expiration T. If 5^ > X, then the 
holder of call option will choose to exercise since he can buy the asset which 
is worth ST dollars, at the cost of X dollars. The gain to holder from the call 
option is then ST - X. However, if ^ j - < X the holder will forfeit the right 
to exercise, he can buy the asset in the market at cost less than or equal to 
the predetermined strike price X. The terminal payoff' from the long position 
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(holder's position) in a European call is then max(5r -X,0). Similarly, the 
terminal payoff from the long position in European put can be shown to be 
max(X — 5r,0). 
1.1.12 Option premium 
The writer of an option has potential liabilities in future he must be com-
pensated by up-front payment of the option by holder when they both enter 
into the option contract. An alternative viewpoint is that since the holder is 
guaranteed to receive a nonnegative terminal payoff, he must pay a premium 
in order to enter into the game of option. 
1.1.13 Self- financing strategy 
An investment strategy is said to be self-financing if no extra funds are added 
or withdrawn from the initial investment. 
1.1.14 Hedging 
Activities designed to reduce the risks imposed by the other activities is 
generally known as hedging. Hedging is a two-step process. A gain or loss in 
the cash i^osition due to changes in price levels will be countered by changes 
in the value of a futures position. 
1.1.15 Arbitrage 
Buying a good or asset in one market where price is low, and simultaneously 
selling in another market where price is higher is known as Arbitrage. This 
does not involve taking any risk. Arbitrage tends to prevent the price of the 
same good or asset in different markets from moving further apart than a 
margin equal to tiansaction costs. 
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1.1.16 Random variable 
A function that maps the outcomes of a random experiment onto the real 
number. For a example, one can define a random variable X as taking value 
0 when a tossed coin shows 'head' and value 1 when the coin shows 'tail'. 
A random variable is characterized by a probability distribution, i.e. the set 
of all possible values that it can assume and the corresponding probabilities. 
A random variable is continuous, or has a continuous distribution if it can 
take any values from an interval, bounded or unbounded; and it is discrete 
or has a discrete distribution, if it can take only countable, finite, or infinite, 
number of separate values. 
1.1.17 Stochastic process 
The study of stochastic process is concerned with the investigation of the 
structure of the families of random variable Xf where t is a parameter ( t 
usually interpreted as the time parameter) running over some index set r. 
If the index set r is discrete, then the stochastic process {Xf,ter} is called 
a discrete stochastic process, and if the index set r is continuous, then the 
{Xt,f£T} is called continuous stochastic process. The asset ])rice movement 
is said to follow a stochastic process its value change over time in uncertain 
manner. 
1.1.18 Normal Distribution 
A random variable X is said to have a normal distribution with the parameter 
/; (called mean) and a"^ (called variance) if its probabihty density function 
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(p.d.f) is given by the probability law: 
f{x,fi,(T) = - — = e x p 
crv27r \ ^ V ^ 
If the normal variable has mean zero and variance unity, then it is said to be 
the standard normal random variable. Its density and distribution functions 
are denoted by n{x) and N{x), respectivelj^, where 
n(x) = - 7 = e 2 (1.1) 
V ^TT 
7V(.x) = ^ = / e^'ri^. (1.2) 
If .T is normally distributed with mean //.^  and variance (T ,^ then z = e^ is 
said to be lognormally distributed. The lognormal density function is given 
1 / ilogz-fi,f\ 
\/27ra^ \ lot I 
The truncated mean of z, defined as E{z] z > a) is frequently encountered in 
pricing models. It is found to be 
E{z-z>a) = j^zg{z)dz 
= e X p y^l^ + ^ j fZ a-.s-'rl ^l'it)dt 
= exp L, + §\ {I-N{'"'%'';-''')) 
. = expL+^jiv(-(^°^";:---)) 
= exp(/7,,. + f jN(-''^ -^ '';;-+"') 
when a -^ 0 then the value ]^(d£lJ^±£i±El^ = 1. 
The mean of the lognormal variable z is /x^  = exp (^^ + ^ 
(1.4) 
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The variance of z is given by 
= exp(2/i.^ + 2a;) - exp(2/ix + a^) 
= exp(2/x, + a2)[exp(a2)-l)]. 
1.1.19 Brownian motion 
The Brownian motion refers to the ceaseless irregular random motion of small 
particles immersed in a liquid or gas, as observed by R. Brown in 1927. The 
phenomenon can be explained by the perpetual collision of the particles with 
the molecules of the surrounding mediam. Brownian motion is sometimes 
known as the Wiener stochastic process. The Brownian motion with diift is 
a stochastic process {X{t),t > 0} with the following properties; 
(1) Every increment X{t + .s) - X{s) is normally distributed with mean fit 
and variance a'^t, fi and a are fixed parameters. 
(2) For every increment ti < 2^ < ^ v < tv, the increment X{t2) -
X{ti) • • • ,X{fn) — X{tn-i) are independent random variable with dis-
tributions given in (1). 
(3) X{Q) = 0 and the sample paths of X{t) are continuous. 
For the particular case fi — 0 and (T^  = 1, then the Brownian motion is called 
the standard Brownian motion (standard Wiener process). The correspond-
ing probabiHty distribution for the standard Wiener process {Z{f)]t > 0} 
PriZ{t)<z\Z{fo) = Zo) = Pr{{Zit)-Z{to))<Z-Zo) 
(l.C) 
= / ' r~ - ' °exp( -^ -^ )^ . s . 
The generalized Wiener process ( Brownian motion with drift) can be written 
in the following stochastic differential form; 
dX{f)=fidt + adZ{t). (1.7) 
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Where /i is the drift and a'^ is the variance rate of process and dZ{t) is the 
standard Wiener process. 
1.2 Ito's lemma 
It relates the small change in a fimction of random variable to the small 
change in the random variable itself. Let U{X, t) be a continuous, non 
random function with continuous partial derivatives and X{t) a stochastic 
process defined by 
dX{t) = a{X,t)dt + b{X,t)dZ{t) (1.8) 
where dZ(t) is the standard Wiener process and a{X,t),b{X,t) are the de-
terministic function of X and t, Z represents the standard Bro^mian motion. 
Then the stochastic process Y{t) = U{X{t),t) has following form of the 
stochastic differential 
-^ -^^  ( | ^ « ( ^ > 0 | | + ^K^,0^^)'^^ + K^,t)|idZ(0. (1.9) 
P r o o f : The Ito's lemma can be considered as the extension of the rules 
of differential in ordinarj^ calculus to stochastic calculus. We expand AY by 
the Taylor series upto the second order as follow: 
+higher order terms in A/. 
Note that AX^ == b{X,t)'^x^At + higher order terms in At, where x is a 
standard normal variable and so the term involving AX"^ in (1.10) can not 
be ignored in the derivation of differential since it is order At. The expected 
value of x^At is At and the variance of xAt be 0{At) so x'^At becomes 
non-stochastic and equal to At. 
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In the differential limit AX ^ 0 and Af -^ 0, both term AX At and Af 
terms do not contribute to the differential, so equation (1.10) becomes 
Putting the value of dX{t) from equation (1.8) in (1.11), then we get 
'i^^^ (f^ + «(^,0|^ + ^ K^,0^|^)^^ + K^,t)||rf^(0- (1.12) 
1.2.1 DiflFerential form of a Geometric Brownian process 
Consider the Geometric Biownian motion defined by 
y(f) = e^« f>0, (1.13) 
where the differential of X{t) is 
dX{t) = fidf + adz. (1.14) 
This corresponds to the choice of U{X,t) = e '^*^. By Ito's Lemma, the 
stochastic differential of Y{t) is found to be 
dY = L + ~]Ydt + aYdZ. (1.15) 
So t})at, 
Y"" (f' + j)d^ + ''dZ. (1.16) 
The drift rate of Y(t) and the conesponding variance are given by (/^  + y 
and (j^, respectively. 
1.3 The Standard Derivation of the Black Sc-
holes Equation 
The first step in deriving the Black-Scholes equation is to construct a repli-
cating portfoho, which consists of a risk-free bond and stock to mimic the 
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payoffs of the given derivative. Before moving on, we describe here the as-
sumptions we use to derive the Black-Scholes equation. 
(i) The stock price follows a geometric Brownian motion process with ^i 
and a constant. 
(ii) The short selling of securities with the full use of proceeds is permitted. 
(iii) There are no transactions costs or taxes. All securities are perfectly 
divisible. 
(iv) There are no dividends during the life of the derivative. 
(v) There are no risk-free arbitrage opportunities. 
(vi) Security trading is continuous. 
(vii) The risk-free rate of interest, r, is constant and the same for all matu-
rities [31]. 
Let t be time and St be the price of stock. Consider a derivative security 
whose price depends S and i. The price is a function of S and t. so we call 
it 0(5, t) or just c. Then, our task is to find the equation that satisfies c. We 
a.ssume that there is a risk-free bond B which earns a lisk-fiee rate r. That 
is, the following liolds: 
Bond; dB = rBdf. (1.17) 
In addition, we assume that the price stock St follows the geometric 
Brownian motion: 
Stock • dS = iiSdt + aSdz. (1.18) 
Regarding the derivative c{S,t), by Ito's Lemma, the following holds: 
Derivative: dc = {ct + ILSC^ + -(T-S'^Css)df + aSc^dz. (1-19) 
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1.3.1 Replicating the derivative with a stock and a 
bond 
We form a portfolio using B and S so tliat the portfolio behaves exactly the 
same with c. Let us consider that the portfolio G consists of x shares of stock 
and y units of bond, 
G = xS + yB. (1.20) 
We want the portfolio to be self-financing, which means that no money 
is added or withdrawn. Under this condition, the instantaneous gain in the 
value of the portfoho due to change in security prices, by (1.17) and (1.18), 
is 
dG = xdS + ydB 
= x{iiSdt + aSdz) + y{rBdf) (1.21) 
= (.r//5 + %jrB]dt + xaSdz. 
In order to mimic c, G = c and dG = dc, that is (1.21) must coincide with 
(1.19). Since dt and dz are independent, the respective coefficients should be 
equal; otherwise, there will be an opportunity for arbitrage. Therefore, we 
hope that the following equations will hold: 
xS + yB = c (1.22) 
xfiS + yrB = c, + ftSc^ - -a'^S^Css- (1.23) 
xaS = aScs. (1.24) 
From (1.24), x = Cg. Plugging this result into (1.22), we obtain 
y^^ic-Sc,). (1.25) 
Plugging these results into (1.23), we finally obtain 
Ct + rsc, + -a-S^c,, = rx. (1.26) 
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This partial differential equation (1.26) is called the 'Black-Scholes equation'. 
In this derivation, we replicated the derivative with a stock and a bond. 
However, it is also possible to derive the Black-Scholes equation by replicating 
the bond with a stock and a derivative, or by replicating the stock with a 
bond and a derivative. 
1.3.2 Replicating the bond with a stock and a deriva-
tive 
Let us consider a portfolio that consists of A shares of the stock and P unites 
of the derivative. 
P = AS + pc. (1.27) 
Then, by the self-financing, 
dP = AdS + Pdc. (1.28) 
Plugging (1.18) and (1.19) into (1.28). we obtain 
dP = A{fiSdt + aSdz)+f3{{cf+fiScs + aScs + ^a^S-c,,)dt + aSc,dz 
= {AfiS + (3{ct + fiSc, + la'-S'^c,,)) + (A + pc,)aSdz. 
(1.29) 
In order for P to rephcate the bond, the dz term should disappear. That is, 
A = -/3c,. (1.30) 
Then, by plugging (1.30) into (1.29). 
dP = p{ct + -cT^Sh,,)dt. (1.31) 
On the other hand, since P earns a risk-free rate r, with (1.27) and (1.30), 
dP = rPdi 
= r{AS + f3c)dt (1.32) 
= r/3{c~ Scs)df. 
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Since we assume that there are no opportunities for arbitrage, (1-31) must 
coincide with (1.32). Comparing (1.31) to (1.32), we obtain the Black-Scholes 
equation: 
c, + rScg + -a'^S'^Css = Tc- (1.33) 
1.3.3 Replicating the stock with a bond with and a 
derivative 
Consider the portfoUo consists of b units of the bond and (3 units of the 
derivative 
Q = bB + Pc. (1.34) 
Then, by the self-financing condition, 
dQ = bdB + pdc (1.35) 
Phigging (1.17) and (1-19) into (1.35), we obtain 
dQ = hrBdt + p{{ct + fxSc, + la^S^c,s)dt + aScsdz 
- {brB + /?(ci + fiSc, + \a'^S^c,,))df + l3aScJz. 
In order for Q to rephcate the stock, (1.36) should coincide with 
;i.36) 
IjQdt + adz = ^{hB + l3c)dt + (j{bB + pc)dz. (1.37) 
That is based on the no-arbitrage condition, we expect 
brB + P{ct + fiScs + -a^S^ss) = t^{hB + (3c) (1.38) 
and 
i3oSc,^n[bB^-i3c). (1.39) 
From (1.39) hB = f3{Scs - c). By plugging this equation into (1.38), 
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rPiSc, - c) + (3{ct + +fiScs + ^a'S-Css) = /x,3(5c, - c) + ^/3c. (1,40) 
Notice that all ji terms cancel out in (1.40). After rearranging and 
dividing both sides by P, we obtain the Black-Scholes equation; 
Cf + rScs + +~a'^S'^Css) = re. 
The essential part of these derivations is that if have a stock, a bond, and a 
derivative, we can replicate each of them by using the others. This method-
ology can also be used to develop a hedging strategy. 
1.3.4 The Black- Scholes Formula for a Call Option 
We will derive the Black-Scholes formula, which yields the theoretical value 
of a call option [19]. First, we consider a European call option of a stock. 
A call option gives the right to buy a single share of common stock. The 
payoff of the European call option is given by {ST ~ K)'^, where Sr is the 
stock price at expiration date T, and K is a strike price. From risk-neutral 
valuation, using the risk- neutral measure Q the value of the call option at 
time 0 is, 
c(5,0) = e - ' - ^EQ[(5r - /Ol - (1-41) 
Since under Q, ST = S'oe^'""^^^^'^^^, where ^o is the stock price at time 
0 and y - iV(0,1), (1.41) can be written as 
c(5,0) = e-''^^Q[(5oe('-^)^+-^^')+] 
(1.42) 
Since, 5oe('"-V)r+<^VTx _K>0 
So 
aVTx y ^^-{r~^)T 
Chapter liPreliminaries 15 
if we denote 
we obtain 
- ^Jry-'^^^dx-Ke-^^l-NiT,)) (1-43) 
= So{l-N{Ti-aVf))-Ke-'^{l-N{T,)), 
where, 
1 r s2 
N(x) = ^ = / e~~ds 
is the cumulative distribution function for the normal distribution. Since, 
and the identity N{x) + N{—x) = 1 we have 
l-N{Tr-aVf) = N{-[T,~aVf)) = N (^-^ (^ln{^) + (r + ^ ) r ) j j . 
(1.44) 
Similarly, 
1-N{T,) = N{-T,) = N (-^ L ( | ) + (r - J)T]] . (1.45) 
Substituting (1.44) and (1.45) into (1.43), we obtain the Black-Scholes for-
mula for a call option: 
c(5,0) = SoN{d,) - Ke-'-^N(d2), (1.46) 
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where 
a\/T 
The above result (1.46) also indicates that the solution of the Black-Scholes 
partial differential equation with the boundary condition 
C{S,T) = {ST-K)+ 
is given by (1.46). Note that all the parameters except for a, the volatility of 
the luiderlying stock, can be observed in the market. Regarding a, we have to 
estimate it from historical market data (historical volatility). Alternatively, 
if the price of the call option is available in the market, the Black-Scholes 
formula can be used in reverse to solve for the market estimation of a (implied 
volatihty [51]). 
So far, we have discussed a European call option case. However, in fact, the 
value of an American call option is exactly the same as that of a European 
call option (with the same strike price and expiration date), if there are no 
dividends. In other words, for call options on a stock that pays no dividends 
prior to expiration, early exercise of the option is never optimal. 
Chapter 2 
Black Scholes Model 
2.1 Introduction 
The Black-Scholes formula for the pricing of financial assets [5, 7, 32, 34, 55], 
continues to be the effective tool of contemporary valuation theor}'. However, 
the model, although of immense practical utility is based on several assump-
tions that lack empirical support. The academic fraternity has attempted 
several generalisations of the original Black Scholes formula through easing 
of one or other assumption, m an endea,vour to augment its spectrum of 
applicability. 
In this Chapter, we have given one such generalisation [68] based on 
the assumption that the return process on the "hedge portfolio'' follows a 
stochastic process similar to the Va.sicek model of short-term interest rates. 
In Section 2.2, we list out the derivation of the Black-Scholes formula through 
the partial differential equation based on the construction of the complete 
''hedge portfolio". 
2.2 The Black Scholes Model 
In order to facilitate continuity, we summarize below the original derivation 
of the Black Scholes model for the pricing of a European call option. The 
17 
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European call option is defined as a financial contingent claim that enables 
a right to the holder thereof (but not an obligation) to buy one unit of the 
underlying asset at a future date (called the exercise date or maturity date) 
at a price (called the exercise price). Hence, the option contract, has a 
payoff of max(S'T — E,0) = {ST — E)'^ on the maturity date where ST is the 
stock price on the maturity date and E is the exercise price. We consider a 
non-dividend paying stock, the price process of which follows the geometric 
Brownian motion with drift St = e'-''*"'"'^ "'''-'. The logarithm of stock price 
Yf = InSf follows the stochastic differential equation 
dYt = fidt + adWt, (2.1) 
where Wf is a regular Brownian motion representing Gaussian white noise 
with zero mean and 5 correlation in time, i.e., E{dWtdWt') = dtdf'6{t — 
t') on some filteied probabihty space {Q.,Tt,P) and /i and a are constants 
representing the long term drift and the noisiness(diffusion) respectively in 
the stock price. Ai)plication of Ito's formula yields the following Stochastic 
Differential equation (SDE) for the stock price piocess 
dSt = in + -a^-)Stdt + aStdWf. (2.2) 
Let C{S, f) denote the instantaneous price of a call option with exercise price 
E at any time t before maturity when the price per unit of underlying is 
S. It is assumed that C{S, t) does not depend on the past price history of 
underlying. Applying the Ito's formula to C{S, t) yields 
dC = ( . 5 - , - / S - + - + -^o^S^g^)dt + ^aSm. (2.3) 
The original option-pricing model propounded by Fischer Black and ]\ly-
ron Scholes envisaged the construction of a 'hedge portfolio', [ | consisting of 
the call option and a short sale of the underlying such that the randomness 
in one cancels out that in the other. For this purpose, we make use of a call 
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option together with | | units of the underlying stock. We then have, on 
applying Ito's formula to the 'hedge portfolio' H-
dll d 
dt dt 
• , , dC(S,t) C{Sj)-S-j~^ dC{S,t) dCdS dt dS dt' ^- ' ' 
where the term involving ^ ( | | ) has been assumed zero since it envisages a 
change in the portfoho composition. 
On the substituting from equation (2.2) and (2.3)in (2.4). we obtain 
dn dC{S,t) . 1 ,,JC{S,t) ^dcdW dC{S,t) , 1 , ,d^C{S^ 
(2.5) 
We note, here, that the randomness in the value of the call price emanat-
ing from the stochastic term in the stock price process has been eliminated 
completely by choosing the portfolio [ | = C{S,t) -- S' .]^''. 
Hence, the portfolio f| is free from any stochastic noise and the conse-
quential risk attributed to the stock price process. 
Now - ^ is nothing ]:)ut the rate of change of the price of the so-called 
riskless bond portfolio, i.e., the return on the riskless bond portfolio ( since 
the equity related risk is assumed to be eliminated by construction, as ex-
plained above) and must, therefore, equal the short-term interest rate r, i.e., 
^ - n ^ (2.6, 
In the original Black -Scholes model, this interest rate was assumed as the risk 
free interest rate r, further, assumed to be constant, leading to the following 
partial differential equation for the call price: 
^-rU-r\C(St) JCiS,t) dC{S,t) 1 d'C{S,t) 
or equivalently, 
dC{S,t) 1 ,.d'C{S,t) JC{S,t) , ^ 
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The Black-Scholes equation and boundary conditions for European call with 
value C{S,t) are, 
with 
C(0, t) = 0, C{S, t) ~ 5 as 5 -^ oo, 
and 
C{S,T)= meix{S-E,0). 
We turn it into a forAvard equation. We set 
S=Ee\, t = T~Tl]-a\ C = EV{X,T). 
By this way we get 
and 
dC _ Ea^ dv 
dt " 2~a^ ' 
d£_Edv_ 
dS " Sdx' 
d^C E Ov E dh' 
+ dS^ S^dx S'-dx^ 
substituting these values in equation (2.9), we get 
dv d'^v ,, ,dv , , 
OT ux^ ox 
where ki = r/^a'^. The initial condition becomes 
V{X,T) — maxfe"^  - 1,0). 
The equation (2.10) now looks much more like a diffusion equation. If we 
put 
,; = e'^^+'%(x,r), 
in equation (2.10) for some constants, we get 
^ du 2 r. 9iL d'^u ,, ,^ / da\ 
Pv + -— = a\i + 2 a ~ + TTT + "^1 - 1 m/ + — - hu. 
OT OX ox^ V dx / 
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Comparing the coefficient of P and |^, we get 
P = a^ + (fci - l)a-ki, 
while the choice 
0 = 2a + (A;i- l) . 
Thus we liave, 
1.. ., . 1 
Now, 
where 
with 
a = -^{h-l), p^-l(kr-l)'-k,. 
,, = e-5('^-i)--(i('=-i)^+'^^)X.x,r) 
du d u 
TT = TT^ for - 00 < X < oo, r > 0, 
or ox/ 
i{x, 0) = uo{x) = max(e2(^ >+i)-^  - eS^^i-^)^,0). 
The solution of above diffusion equation is 
1 /•+0O 
V{X,T) = —= / uo{s)e-^'-'^""'ds. (2.1i; 
2v7rr ./_^ 
It is convenient to make the change of variable, x' = [x — ,s)/v2r, so that 
1 r+°o 
U{X,T) = —== / V,O{X'^/2T + x)e''^^'''^^dx', 
V 27r ./_oo 
1 /•+0O 
27r ,/-,T/V/27 
+ 00 
^ ' • gi(h-l)(.T'V27+x)g-l(x')2^^,^/ 
27r J-X/V2T 
= h- h, say. 
Here, 
V^TT J-T/V2T 
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£! / ei(fci+i)%-§(^'-|('=i+i)v/27)2^^/ 
V ^ J-X/V2T 
gi(fe, + l ) x + i ( h + l)2 /•+0O J 2 
where, 
and 
\/27r 7-.x/%/2T-|(fci+i)v/27 
rfi = - ^ + -(A;i + l)\/27, 
1 /-rf. 1 o2 
is the cumulative distribution function for the normal distribution. The 
calculation of I2 is identical to that of / i , except that {ki + 1) is replaced by 
{ki — 1). Similarly, 
/2 = e^('^'-i)-+i('^-i)^-A^(d2), 
where, 
and 
d2 = ^ + l:(k:-l)V2^, 
\J IT ^ 
Finally, we get 
ylix J-ex 
,;(x,r) = e-^('^ '-^)-^-(^(^-^+^)'+'^ ')^ 
and then by putting x = log{S/E), r = ^cr'^iT - t), and C = £ t^.'(x, r) . 'W'e 
get the solution of Black-Scholes partial dirrential equation, 
C{S,t) = SN{dx) - Ee-'^'^-'^N{d2), (2.12) 
where, 
Mj) + (r + V)(r-t) ^ ^ 
ai = ^^^  p , 02 = ttj - fTV i — ^ 
cr x/fT -^t) 
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log{i) + {r-y){T-t) 
" 2 — 
a ViT-f) 
and 
Niy) = ^ I' e-^d.. 
2.3 The Black Scholes Model with Stochastic 
Returns on the Hedge Portfolio 
In the above analysis, the interest rate r, which is essentially a proxy for 
the return on a portfolio that is devoid of any risk emanating from any 
variables that cause fluctuations and hence risk in stock price process is 
taken as constant and equal to the risk free rate. However, this return would, 
nevertheless, be subject to un-certainties that influence returns on the fixed 
income securities. It is, now, conventional to model these short term interest 
rate (that are representative of short term returns on fixed income securities) 
through a stochastic differential equation of the form [72] 
dr(r) = -^[r(f), f]dt + r][rif), t]dU{t) (2.13) 
where r{t) is the short term interest rate at time t , tjj and r/ are deterministic 
functions of r, t and U{t) is a Wiener process. 
In our further analysis, we shall assume that this shoit-term interest is 
represented by the Vasicek model [70], i.e., 
' ^ + Arit) + B-'£n{t) = 0, (2.14) 
where r]{t) is a white noise stochastic process defined as, 
{r)it)) = 0, mvit'))=J2'5{t-t'). (2.15) 
The call price process now becomes a function of two stochastic variables, the 
stock price process S{t) and the bond return process (interest rate process) 
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r{t). Hence, application of Ito's formula to C{S,r,t) gives 
,^ dC , dC ,^ dC , I 2n2d^C , 1^^2d'-C , , ^ _ , 
where ^5" is given bj' eq. (2.2) and and dr by eq.(2.15) respectively. 
As in previous Section, we formulate here a 'hedge portfolio' J~[ consist-
dC_ 
dS 
ll=:C-S§. We then have, 
ing of a call option C{S,t,r) and a short sale of ^ units of stock S{t), i.e., 
dt ~ dt OS dt '~^ dt ^ dr dt ^ 2'' OS'- ^ 2 ^ 5 ^ ^^ '"^ ^^  
Now, using ^ = ^(0 ri) '^ '^ 6 obtain 
aT + 2^ ^ V + ^'^^^^^ - ^^ ^^ ^ + 2 ^ : ^ + ^ ^ = 0. (2,18) 
This equation however defies closed form solution . We can, therefore, obtain 
explicit expressions for the call price C{S,t) averaged over the stochastic 
part of the interest rate process, as follows: C{S,t) would, then, be given 
by substituting •'' L ^ for the constant risk free interest rate r in the Black 
Scholes formula (2.12). The averaging process happens to be tedious with 
extensive computations so wc proceed term l^ y term. We have 
=/-°L ^ (^ 1^ - ^^y '' ^ ^ 
I.e., 
N{di) = -= \ H{di - x)e~-dx (2.19) 
\/27r J-00 
where H{di - x) is the unit step Heaviside step function defined by 
- / 0, {d^-x)<Q 
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Using the integral representation of H{di — x) as 
H{di -x) = Lim,_,o-— / —du, 
we obtain from (2.19) 
(2.20) 
^^^2in J - c o u>-ie 
On performing the Gaussian integration over x in the second step. 
Now, 
-_ 109(1) +laHT-f) ^ !!r{r)dr ^^, ^ jj r{r)dr 
where, 
GyjT — t 
Since, the entire stochastic contribution comes from the expression J^  r{T)dT 
in /V(Ji), so putting the vahie of rii in (2.20), we have 
1 f^ e""'°-'T 
N idx) = Lim.^Q-— d.u —h (2.23) 
27rz ,/_oo w - ze 
where /j = (CVT-* J' ''^ •^' ''Jj and (/)) denotes the average (expectation) 
of p. 
Proceeding similarly, we have. 
2 
"^(c^ 2) = L7;7/^,^o7^ / du —h (2.24) 
27rz ,/„oo "^  - e^ 
^ 0 ^ y\E) 2± [ (2.25) 
Similarly the discount factor e"''^ -''"') wih be replaced by (e"-^' ''('•)'^ )^ = 
h (say). 
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To evaluate the expectation integrals / i , I2 we make use of the functional 
integral formalism [23]. In this formalism, the expectation /i would be given 
by [53] as follows: 
^ C ^-P[ - ^ f ( ^ + Mr) + Br + ^ ^jf drrjr)] p 
(2.26) 
where, Dr = Yir^t ~72 '^^ ^^ ®^ functional integration measure. We first eval-
uate the function integral P. Making the substitution X{T) = — ^  — r{T). we 
obtain, with a little algebra, 
where. 
(2.28) 
/3 = ^ / / r f r [ ( ^ ) ^ + ^ V ( r ) ] + ; ^ X . x ( r ) d r 
= i^/'^-[(^)^ + ^^ --V) + f^x(r)]. 
In order to evaluate I3, we perform a shift of the function variable X{T) 
by some fixed function y{T), i.e., X{T) = ^(T) + ^(r) where ?/(r) is a fixed 
functional (whose explicit form shall be defined later) with boundary con-
ditions y{t) = x{t),y{T) = x{T) so that Z{T), then, has Drichlet boundary 
conditions, i.e., z[t) = z{T) = 0. 
Substituting ,x(r) = 2/(r) + Z{T) in (2.28), we obtain 
(Mll)2 + (Ml))2 + 2 ( M l ) ) ( ^ ) + AW{r) 1 /"^  J3 = ZT:^ I dr 
2Z' It +Ah\r) + 2Ah{r)z{r) + ^^y{r) + ^^z{r)] 
(2.29) 
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Integrating the second and third term by parts, we get 
and 
dy dz dy j^ f^ d^y 
^^ = TlAt - / ^-^,zdT 
, dr dr dr 
therefore equation (2.29) can be written as, 
dT^' 
- ( - ) ^ ^ - ^ - ( - ) 4 T ^ + f " ^ ) ' + •4'!''(-) + 
A'z-'(T) + 2A'y(T)z(r) + ^ ' " A , ;/(r) + ^ ^ < ^ ) I 
(2 30) 
Now the boundary terms all vanish since z(r) has Drichlet boundary 
conditions. 
Further, if we define the fixed functional ?/(r) in terms of the differential 
equation 
^'y(^) , ^2„J.^ , ^ ^ E + A'y{T) + = 0 
with boundary condition y{t) = x{t),y{T) = .x(T') we obtain. 
(2.31) 
h 1 
2E'-. 
r 
dr dy{T)\2 ,9 9, X 2ia;y^ , , ^^  )^ + ^ V W + - ^ ^ y ( r ) (ir ^^fT^t' + 
d2. 2 , 2 / 
(iT2 + A'Z\T) 
(2.32) 
The functional y(r) is fixed and is given by the solution of eq (2.31) as 
AT I O„-AT y = ae^'' + (5e (2.33) 
where, 
'y 
IUJY! 
A^ay/T^t 
Q = 
x{T)e^' - x{t)e 
Q2AT _ ^At 
At 
+ 7 e2.4r _ g2.4i 
and 
/ ? -
.x(r )e-^^ - x{t)e 
g-2/lT _ g-2/lt 
-.4t 
+ 7-g-2^T _ e-2/if • 
Chapter 2: Black Scholes Model 28 
Integrating out the ^(T) terms in equation (2.32) using equation (3.33), we 
obtain 
-BHe'"''-i;-'^')-A-,^{T^t)l 
Then we can write (2.32) as follows: 
, I ir 2 , 2AT 2AI, , 2 , -2AT ~2AI ) - A.,\T - t)] + drl-z{T)~-—L+A^z^iT)\} (2 34) 
Jt AT^ 
Substituting this value of Iz in eq.(2.27) we obtain, for P, noting that 
Dx = Dz since y(T) is fixed by eq (2.32). 
P = exp < lijjBJT-t 
-^Hr)-.x^(0]- ,, lYf 
,AT _,,,.,Al 
''U ,2A'J'_,2Ut J ^ ,-2AT_,-2/4( ^ ' 
. - i r , , , , , 4 t u , - ' l T _ , J l , 
( x ( T ) f 
. Cfj^f Dz exp{- l f [ - z ( r ) ^ + A^z\r)\dr. 
" - x ( t ) ; . - ' " ) ( e -
( p - 2 A 7 ' _ , - 2 / l t 
- / I t w - / 4 7 _ , - ^ ( , 
r(/=0) 
On exactly same lines, we obtain. 
Q - exp{-^[.x^(r)-.x^(0]-^[/i[(-%^:gr )^ -( .T(r)e--^^-3:(t)e-^^)^2 2E -2Ar__p-2^t ]} 
- / ; s f ^^ «^ p{2P r <^r\-Ar)^+-^^^^i^)]}. 
/1T_./1( ,2 / e - ^ - e - ' * ' \2 Hence /i - exnl- ' ' ^^^^^ \-\^(^£^I^\\(^^l^^^\ 
nence, ii - expt^  ,4(7 2^:'L \A^o''{T-t))v\e''^T-e^^') 
\2_ 
g-2AT_g-2At J 
'4(7'-')]+[(i*;: (e2Ar_g2/i/)2 -2AJ'_^-2A()2 ] ] } • 
Which when substituted in eqs.(2.23) and (2.24) shall give the values 
N{di) and N{d2) respectively as: 
yV(rii) = A' 
^ E - ' ^ 2 
/icrvr^ 
f l - /i3(T2(r-i) 
(2.35) 
.^;i 
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and 
log{^)-lcr^ Bs/T^t 
N{d2) = N ACT AaVf-t (2.36) 
where, 
e2.4T _ g2.4/ ) 
- e-4r_g-4t y 
g-2.4T _ g-2/lt ) - y i ( r - f ) (2.37) 
and 
(x(T)e-'^ - .T(t)e'^')(e-4^ - c^') {x{T)e-^^ - x(^)e-'^*)(e-^^ - e-^') 
(^2AT _^2Ai)2 U-2AT _ ^-2At\2 
(2.38) 
To evaluate I2, we sub,stitute u — ia\/T — t in above equation to get 
\B{T-i) 1 
i2 = e.rp < 7, 
y4 ^y2 (2.39) 
The closed form .solution for the Black Scholes pricing problem with 
stochastic return on the "hedge portfolio" can be obtained by substituting 
the above average in equation (2.12). 
Chapter 3 
Pricing Double Barrier Options 
3.1 Introduction 
Barrier options have become ver}' popular instruments in derivative markets. 
It is relatively straight forward to price and hedge "single barrier" options. 
Valuation formulas have been available in the hterature for quite a while, 
for details see Merton [55] and Goldman [27]. The valuation and hedging 
fornuilas have been incorporated in standard market software for options 
traders and clients. In fact, most derivatives firms view "single barrier" 
options nowadays more like vanilla than exotic options. 
One of the reasons why barrier options have become so popular, is the 
fact that they are cheaper than standard options, but offer a similar kind 
of protection. A natural extension to "single barrier" options is to consider 
double barrier options. These are options which have a barrier above and 
below the price of the underlying, and the option gets knocked in or out as 
soon as one of the two barriers is hit. 
In this Chapter we discuss the analytical formulas for pricing a wide 
variety of double barrier options due to [61]. Pelsser [61] derived formulas for 
options which give a constant payoff either "at hit " or at maturity, pricing 
formulas for double barrier options where the final payoff can be expressed 
as any power of the underlying value and valuation formulas for knock-in 
30 
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options. But the Laplace transform of the density functions of hiting the 
upper or lower barrier. Pelsser [61] is able to find analytical expressions 
for the density functions, using contour integration, thereby eliminating the 
need for numerical inversion routines. Option prices are then calculated by 
integrating the option payoff with respect to the density functions. It is the 
first application of contour integration to the area of option pricing theory. 
The chapter is organised as follows. In Section 3.2 we review well known 
results on how the probability density function for staying between two barri-
ers can be expressed in se^'eral ways. In Section 3.3 we discuss our analytical 
expressions for the probability density of the first passage time for the up-
per and lower bairiers. Some pricing formulas for different kinds of double 
barrier options are also discussed in Section 3.4. 
3.2 Transition Density Function 
If we make the assumption (which is standard) that the miderlying asset of 
the option can be modeled as a geometric Brownian motion, we can model 
the log of the asset price (under the equivalent martingale measure) by the 
following stochastic differential equation 
dz = ^l.dt + adW, (3.1) 
where fi and a are constants. The case considered and here is more com-
plicated. We want to value a double barrier options. This can be modeled 
by assuming that the process z is killed as soon as it hits one of the two 
barriers. Suppose we have two barriers, the lower barrier is at 0, the upper 
barriei at the level /. This specification is general, since we can always shift 
the process z bj- a constant such that the lower barrier is placed at 0. The 
two barriers are so- called absorbing barriers, since the process z is killed 
as soon as it hits one of the barriers. Let us consider the transition density 
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function p{t,x;s,y). It describes the probability density that the process z 
starts at time t at z{t) = x and survives until time s and ends up at z{s) = y. 
Of course we have, t < s and 0 < x,y < I. This transition density function 
satisfies the forward and l)ackward equations [1]. The backward equation is 
given by (with subscripts denoting derivatives) 
Pf + fJPx + -(y'^Prx = 0, (3.2) 
subject to the boundary conditions j;(i,0;.,.) = p{t,l.,.,.) = 0, and 
p{s, X] s, y) = 6{y — x), where 6 is the Dirac delta function. The last condition 
is standard, and states that the density function must collapse into a delta-
function at time f = s, since there is no uncertainty left in the process. The 
first two conditions specify the absorbing barriers at 0 and /. If the process 
hits one of the barriers, it gets killed and there is no probability of making 
it back to y at time s. The forward equation is given by 
-Ps - f^Py + -^<^^Pyy = 0, (3.3) 
subject to the boundary conditions p{.,.;s,0) — p{.,.\s,l) = 0, and 
p{t,x]t,y) = 5{x — y). The solution to the backward or forward equation 
can be represented in seveial ways. Kunitomo and Ikeda [46] used the rep-
resentation which is obtained by the ''method of images"', and expressed the 
probability density in terms of a doubly infinite sum of normal density func-
tions. It is also well known, see for example Cox and Milller [15], that another 
representation of the solution can be obtained by the method of "separation 
of variables". The solution is then represented in terms of a Fourier series: 
oo 
p{t, X- ,s, y) = e^^^-")- Y, e-^'^'-'hin{k7:j)sin{k7T'j) (3.4) 
k=l 
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Substitution in the backward equation (3.2) or the forward equation (3.3) 
will confirm that this is indeed a valid solution, that satisfies the boundary 
conditions. Furthermore, the series representation is absolutely convergent, 
hence we are allowed to perform differentiation and integration on a term-
by-term basis. The choice for representation (3.4) of the solution, has the 
additional advantage that anlytical expressions (on a term-by-term basis) 
can be found for calculating options prices. Hence, there is no need to work 
with approximations, as in the case of the cumulative normal distribution 
function. The solution (3.4) looks very complicated to evaluate. However, 
the term X^ grows quadratically in k, hence exp{—Aji;(s — f)} vanishes to zero 
very rapidly for increasing k. So, only very few terms have to be summed to 
obtain an accurate answer. 
3.3 Barrier Densities 
We now characterise the density function of surviving until time s. This 
density is used for pricing double knock-out options which get nullified as 
soon as one of the barriers gets hit. 
We are also interested in the density functions of hitting the upper and 
the lower barrier. These densities are used for pricing options which have a 
non-zero payoff as soon as one of the barriers is hit. 
Let g^{t, x; s) denote the probability density function of first hitting the 
upper barrier at time 5 before the lower barrier is hit, given that the process 
started at (f, x). Let g~{t, .r; s) denote the probability density of first hitting 
the lower barrier, before the upper barrier is hit. Given the fact that the 
process z can either hit the upper barrier, or the lower barrier, or survive, 
we can derive the following identity for all T > t. 
/ g'^{t,x;s)ds+ g~{t,x]s)ds+ p{t,x\T,y)dy = l. (3.6) 
Jt Jt ./o 
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Taking the derivative with respect to T yields 
5 /"' 
g+{t,x;T) + g {t,x;T) = -— p{t,x]T,y)dy. (3.7) 
But 
/,'p{t, X- T, y)dy = , . , f X - ^ - [5zn(fc7r^)ei^('-) + e-^5m(fc7rf)] 
-\Us-t) 
and also 
A. r' 
dT 
Using this expression, we can express the sum of the two densities using 
(3.7) as follows 
c/it, X- s) + r (^ X- s) = e ^ C - ^ ) ^ f ; e-'^-^^~'h:7:sin{kJ-~^) (3.8) 
2 '-'^ 
+ e-^'^y e-^>--^'~'h7rsin(kTT-). 
k=i 
Although we have tentatively grouped the terms, we cannot determine 
from this expression what the individual barrier densities are. To derive 
expressions for the individual densities we have to use a different approach. 
3.3.1 Derivation of g^ 
The density g'^{t,x;s) must satisfy the backward equation: 
9t + i^gt + l^'gt. = 0. (3.9) 
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Due to the fact that /i and a are constants, we know that the function 
g~^ depends only on s — t. If we take T = S — t=4>^ = —1. Then we can 
write 
g^{t,x]s) =g+{T,x) 
dg+(t,x:s) 
dt 
dg+ 
dt 
_ 
r= 
dg+ir.s) 
at dg+ dr 
dr dt 
dg+ 
dr 
With the aforesaid settings it solve 
- g + + ^1.9++ ^aV+, = 0, (3.10) 
subject to the boundary conditions "^""(r, I) = S{T), g'^{0,x) = 5{l — x) and 
g+{r,0)=0. 
To obtain a solution for (3.10) we consider the Laplace transform j'^(x), 
/•oc 
£{g^{r,x)} = r{x;v)= e-'-g-'{r,x)dr, (3.11) 
Jo 
for any f > 0. Substituting .^+ into (3.11) and the boundary conditions yield 
an ordinary differential equation: 
-v^++fj^+ + ^ahl^ = 0, (3.12) 
subject to the boundary conditions 7" (^0) = 0 and 7"''(/) = 1. By considering 
the Laplace transform, we have managed to reduce the partial differential 
equation (3.10) to the second order ordinary differential equation (3.12). 
Differential equations of this kind are easy to solve, writing for Z) = j - and 
its auxiliary equation is 
D = — ^ ± \ / — + — 2 ^ 4 ' ^ 2 ^ 
a"- V (J'* a 
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the solution can be expressed as 
7+(.x) = e'^''{A smh{9x) + Bcosh(^x)), (3.13) 
with 9 = •\\/li^ + la'^v. The constants A and B have to be determined from 
the boundary conditions. Solving for the boundary conditions yields: 5 = 0 
and A = exp{^/}/sinh(^0-
Hence, the solution to (3.12) and the boundary conditions is given by 
0{v) = -^^ft^ + 2ah' (3.14) 
f j -
+ f N „^{i-x) sinh(g(i').7;) 
^'(•^'^^ = ' ^ smh(^(.)/) • 
To obtain the density for the upper barrier g~^, we now have to invert 
the Laplace transform 7"*". This can be done using Bromwich's Integral, see 
Duffy [22], 
^^(r,.x) = — y ./V(.r;2)rfz, (3.15) 
where c lies to the right of any of the singularities of the function 7"''. Note, 
that from this moment on, we view 7"'"(x;z) as a function in the complex 
variable z, with x as a parameter. 
The integral (3.15) can be evaluated as follows. We can transform the 
(line) integral into a contour integral by adding a circular arc in the second 
and third quadrant. The contribution of this arc vanishes when its radius 
goes to infinity. The residue for each singularty z^ . can be obtained as follows: 
Res(zk) = linu^.,e''e^^^-''^shMOx)-^^^r^ 
[ 
cosh(6i()|f/ = hm,^ , , e -e^ ( ' - ) smh(^T)^^^p i^^ (3.16) 
= e^^^ei^('-")fj/c7rsin(/c7r^). 
Thus, summing up all of the residues gives the following expression for 
the density function of hitting the upper barrier g'^{t,x; s) with the setting 
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of r = s — t: 
g^it,.r,s) = e^^'-''^^ye'''^'-''>knsm{k7r^). (3.17) 
r ^-^ I 
3.3.2 Derivation of ^" 
An expression for the density g' can be derived in a similar fashion. The 
Laplace transform 7" satisfies also the ordinary differential equation (3.12). 
however with respect to the boundary conditions 7~(0) = 1 and 7"(/) = 0. 
Solving the differential equation with respect to these boundary conditions 
yields, 
-t ^ _ j i ^ T s i n h ( ^ ( ' t ' ) ( / - x ) ) 
7 {x]v)=^e ^ • ,,^, . . .— • 3.18 
snih(t^(t;)() 
We see that 7"(.T) — exp{-2^.;;}7+(/-,r). Hence, by substitution into (3.17) 
wc obtain immediately 
9 ^ 
g'{t,x-s) = e^f-^^^^e-'^(''^')A,-7rsin(A-7ry). (3.19) 
/ r = l 
It is easy to verify that the sum oi g'^ and y^ is indeed equal to the expression 
(3.8) derived before. 
3.4 Valuation Formulas 
With the anatytical expressions for the transition density p and the barrier 
densities g^ and g" we can calculate prices for various types of double barrier 
options. Let S{t) be the spot exchange rate today. Let r^ be the domestic 
interest rate, r/ the foreign interest rate and a the volatility of the exchange 
rate. Let U be the upper barrier and L be the lower barrier with L < 
S{i) < U. If we divide by L and take logarithms we obtain for s > t that 
z[s) = log{S{s)/L) where z is the process defined in equation (3.1) with 
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X = z{t) = log{S{t)/L) and / = logiU/L). The drift-term /i of the process z 
(under the equivalent martingale measure) is equal to fi = r^ — rf — \a'^. For 
all options we denote the maturity date by T. 
3.4.1 Constant payoff at maturity 
The simplest kind of double barrier is an option which pays a constant 
amount at the maturity of the option. Suppose we receive an amount Kg if 
the upper barrier is hit first, an amount Ki if the lower barrier is hit first 
and an amount K if neither barrier is hit during the life. All amounts are 
payed at maturity T. The value VCPM{^) of this option is equal to 
VcpM{t) = e'''^^''~'\KuP^{T)+KLP~{T)+K{l~P+{T)-P-{T))), (3.20) 
where P^{T) and P~{T) denote the probability of hitting first the upper and 
the lower barrier respectively before time T. The probability of surviving 
until time T is given by (3.6) I — P'^ — P~. To find F"*" and P' we have to 
integrate over the barrier densities. To find an e.xpression for these integrals 
wc rewrite them as 
F±( r ) = J^g^(f,x;s)d6 
= ir g^{t,x;s)ds - j ^ g^{t,x]s)ds (3.21) 
= ^^{x-0)-J^g^{t,x;s)ds. 
Using (3.14) and (3.17), we get 
smh(^0 
and 
/ g^{t, X] s)ds = e^^^"^^-- V ^ fc7rsin(A:7r ), 
JT ^ tt ^^ ^ 
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then, we can write the equation (3.21) for P^{T) 
We can write similar way, from (3.18) and (3.19) for P~{T) 
3.4.2 Rebate at hit 
A more reahstic payoff scheme, which is used often in knock-out options, is 
to offer a rebate as soon as the option hits one of the barriers. Suppose we 
receive an amount Ku at the moment tlie upper barrier is hit first. The value 
VRAHu{t) is given by 
VRAHu{t) = Ku I e-^"(^-')5+(f, x; s)ds. (3.23) 
Solving this integral involves finding a primitive for terms of the form 
g-rrf(s-t)g-Afr(s-j) YVe obtain a value for the integral in a simpler way, if wc 
bring r^ inside the Xk as follows 
with 
^i' = x//i2 + 2ahd. (3.25) 
If we denote g'^ as the barrier density with drift /.i', then we obtain 
r^ -i^d-T) ( sinh(-<.x 
smh{^0 i^ ^ ^ - 1 K J 
(3.26) 
Similarly, we find that the value of an amount Ki received as soon as 
the lower barrier is hit first, can be expressed as 
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(3.27) 
3.4.3 Double knock-out 
Another payoff we want to consider, are double knock-out options [24]. Sap-
pose wc liave a double knock-out call, with a payoff max{5(J') — K, 0}, if the 
price of 5 hit neither barrier during the life [t,T] of the option. The value at 
t is given by 
VDKOc[t) = e-'-^(^-') / max{Le^ - K, Q]p[t, x; T, y)dy. (3.28) 
The option is in-the-money for Le^ > K <^ =» y > log{K/L) = d. If we 
assume Q < d < I then we get 
VoKocif) = (r^^(^-'^f^{Ley-K)p(f,x-T.y)dy 
= e-'-^(^-')(I / j eyp{t, X- T, y)dy - K / j p{i., x; T, y)dy). 
(3.29) 
Both integrals involve finding the primitive for terms of the form e°"s\n{by). 
The primitive for these terms is given by 
_/ a^ -\-1/ 
Hence, if we set Q{a, y) = J e°'yp[t, x; T, y)dy, we obtain for Q 
2 jL( ^ ^ X rr .^  . .X, /(4+a)sin(/ t7rf)-^cos(A;7rf] 
Qi-^y) = yei^(- '^V-X:e-^^-(^-)sm(/c.-) '^ A J.i ^ Ll 
(3.30) 
The value of the double knock-out call can now be expressed as 
VoKocit) = e-"-"^^-'^ (LiQihl) - Q{l,d)) - K(Q{0,1) - Q{0,d))). (3.31) 
Chapter 3: Pricing Double Barrier Options 41 
The value of a double knock-out put is given by 
VDKOpit) = e-^^^'^-y^\K~Ley)p{t,x;T,y)dy) 
= e-^"(T-*\K J^'p{t, X- T, y)dy - L J^' e^p(f, x; T, y)dy) 
(3.32) 
which can be expressed as 
VDKOp{f) = e-'-'^ (^ -*) (A'(Q(0, d) - Q(0,0)) - L(Q(l, d) - Q(1,0))). (3.33) 
The derivation given above, also holds for options which have a payoff 
which depends on SiTY. Normal call and put payoffs have cv = 1. However, 
a so-called ''bull/hear'' conrtact has a payoff of max{0, ^^l~ } = max{0,1 — 
KS[T)~^], which can be valued in framework with a = — 1. 
Chapter 4 
Pricing Of Exotic Option 
4.1 Introduction 
Options have been traditionally used as risk management tools in financial 
and commodity markets. Since the de-regulation of energy markets (natural 
gas and electricity), many markets have introduced energy options. Further-
more over the counter options are traded in various markets. 
4.1.1 Option Pricing Theory 
In general options will be priced by market forces, i.e., supply and demand. 
This works very well for a liquid option, i.e., an option which is traded fre-
quently enough. But for a non-liquid option the markets quotes are sporadic 
and can not be trusted. The situation is even worse if we deal with an exotic 
option which often has unique features and will be traded over the counter. 
The goal of option pricing theory is to create a mathematical framework 
that enable us to price exotic options in a way that is consistent with liquid 
options priced by market. In other words, if there is a way to replicate 
an exotic option with traded options, then its premium will be same as 
underlying options. The basic assumption in the option pricing theory is 
that the underlying price process S{t) will evolve according to Black-Scholes 
42 
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equation: 
dSit) = iiS{t)di + aS{t)dW{i), 5(0) = So-
In this equation, /i is the risk free interest rate, a is the volatihty of the 
underlying asset during tlie term of the contract and W{i) is Wiener process. 
The value of an option is then defined as: 
\/(f,s(0) = e-'(^-^')£;^[$(5(r)|^,], 
where Q is the risk neutral measure. $ is the payoff function which will be 
defined for any given option. Tt is the time filtration within the probability 
space. In practical words, Tt is the set of all market information available 
at time t. As mentioned before, the value of this expectation is known for a 
liquid option. The only unknown parameter here is a which can be solved 
for. This is called implied volatility. 
A non-liquid option will be priced using the same framework and the 
implied volatilit}'. It is worth iioting that using implied volatilities is not 
enough to ensure consistency with the maiket. In the general we need math-
ematical results that prove the value of the exotic option converges to the 
value of a liquid option as the exotic option get closer to a liquid option. 
Another way of estimating rr, is using the historical times series. Very 
often this approach do not comply with the market implied volatilities. Nev-
ertheless, it is always worthwhile to run a historical valuation of the option 
to get a feeling about its behaviom', although the historical values can not be 
used for trading purposes. Furthermore, in some situations historical analy-
sis is the only possible way of estimating parameters, as there is no implied 
volatilities available. 
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4.1.2 Hidden Optionalities 
It is worthwhile mentioning that option pricing theory is used in many sit-
uations were the two paities have no intention to sign an option contract, 
examples: 
1. Valuation of natural gas pipelines or power transmission lines: A pipeline 
is used to create a short-cut between two markets. The value of a pipe 
line is in fact an Asian spread option for the natural gas price for the 
two maikcts. More specifically if S-[{t) and S2{t) are the natural gas 
prices in the two markets, then the value of pipeline over a period of 
time T will be: 
V{t,S{t)) = E[f \ S,is) - S2{s) \ ds]. 
2. Valuation of a natural gas storage: Natural gas storages are used to 
cover the spread between gas price in various seasons of the year. As 
such the gas storage will be priced as the expected value of the monthly 
gas prices spreads over the period [0,T], given the physical limitations 
of the storage. 
3. Gas fired power plants: In many markets gas fired plants are not eco-
nomical to run all the time. The owners buy the plants with the in-
tention to run it in case the electricity price exceeds the fuel costs plus 
some other variable costs. This obviously can be modeled as a call op-
tion on electricity price, with an strike which is related to the natural 
gas price. 
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4.2 Monte Carlo 
The Monte-Carlo simulation is based on discretisation of the Black-Scholes 
differential equation. In this simple setting the solution to this equations is: 
where S,{t) is the value of the asset i at time t and a^ is its volatility. Z is 
a A'—dimensional normal distributed random vector with zero expectation 
and given correlation matrix {fhj)-
The Monte Carlo method is based on the large numbers and allow us 
to approximate the real expected values of the payoff function by a simple 
average over a large number of trajectories of the stock prices. 
The first question is how to generate random numbers according to the 
given correlation matrix. It is a known result that correlated random num-
bers and the Choleski decomposition of the correlation matrix. Note that the 
correlation matrices aie by definition positive semidefinite. Positive semidef-
initc matrices always have a Choleski decomposition. If this is not the case 
we can use the singular value decomposition. 
Next ste}) is to diaw a given number of random numbers (e.g. 100000) 
and use the above mentioned formula to generate 100000 samples for the 
value of the underlying assets at any time /. This will be then used to 
evaluate 100000 scenarios for the payoff function. The sample average of the 
payoff functions will be used as the value of the option. 
European Type Basket Options 
For a basket of European type option there is no need for a time discretisa-
tion. The underlying asset can be valued directly at time T. 
Asian Options 
An Asian option is defined on certain times within the period [0,T]. The 
asset value needs to be calculated at all time point that the payoff function 
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dictates. A finer discretisation is not required. 
Barrier Options 
A Barrier Option is completely time dependent. This implies that the time 
interval [0,T] needs to be fully discretised. In theory, a finer mesh should 
give a more accurate results. 
4.2.1 Antithetic Variates 
In this section wc will discuss a variance reduction technique called antithetic 
variates. Let Z,,i = 1,...,N be a vector of independent standard normal 
random variables and 
We construct an estimator of the option price in the following way 
Since 
E 
1 v-A' 1 Y-Af 
^E;Li${5a+iCk^ 
^ -
if:*(S.*)]+B[lf*(S; 
J = l . ? = 1 
= ^-iEmST)] + EMST)]) = EmST)], 
it is an unbiased estimator of the price. The variance of the estimator is 
given by: 
V 
+ \ I 1 V^^' 
^E:II^{5.")+^E:II$(5, 
^ > 
7 = 1 
-V 
1 ^ 
A' 
1=1 
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~2C lt^(s^)^^t^is; 
N 1=1 (=1 
(4.1) 
In the second step we used that the ^{S^) are identically distributed and 
thus have the same distribution as ^{S^)- In the last step we used that 
for i ^ j , $(5,^) and $(5,") are uncorrelated. For the corresponding crude 
Monte Carlo estimator we have the variance: 
2^' 
V 
2=1 
= ^ms.)i 
We see that if the covariance appearing in 4.1 is negative we will have a 
reduction in variance compared with the crude Monte Carlo method. 
4.2.2 Results 
European Type Basket Options 
The Monte Carlo simulation was done for a basket option of three correlated 
assets. We let the number N of samples go from 10000, with an increment 
of 10000, to 200000. Each simulation was repeated 30 times. From these 30 
simulations the maximum and the minimum values were drawn. The results 
are plotted in figures 4.1 and 4.2. The same experiment was repeated for 
single asset option and results are depicted in figures 4.3 and 4.4. 
Barrier Options 
The Monte Carlo simulation was done for a double barrier knock-out option. 
The simulation procedure was the same as for the basket option. We used a 
time discretisation of 50 steps. 
In table 4.5 results from the Monte Carlo simulation, with the same 
parameters as for the finite difference method, are presented. Besides the 
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estimated prices also the standard deviations of the estimates are presented. 
Here we used a time discretisation of 100 steps. 
The values from the Monte Carlo simulation are in general lager than for 
the other methods. The reason for this might be the upward bias, introduced 
by the time discretisation . 
When the spread between the upper and lower barrier or when the 
volatility of the stock is laige, there is a large chance that all trajectories 
from the simulation hit the barrier. This is why the standard deviation 
equals zero for some values. 
Asian Options 
The Asian option appears in several different versions, in this work we have 
considered an arithmetic average option where the average is taken over a 
discrete time grid. The payoff we have considered is given by: 
Prices have been calculated using both ciude Monte Carlo and antithetic 
variatcs. 
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Multi asset at the money Call option S0=|10 15 20] T.1 Sigma.[%20 %25 %30] 
1 ' r 
5 10 15 20 
Number of Simulations in 10 000 
Figure 4.1: Basket call option with strike price K = 10. 
Multi asset al the money Put option S0»|10 15 20) T . I Sigma.|%20 %25 %30) 
0 7251 1 , 1 
0 72 
0715 
0 71 
I 0 705 
> 
= 07 
o 
O 0 695 
0 69 
0 685 
0 68 
0 675 5 10 15 
Number ol Simulations in 10 000 
Figure 4 2- Basket put option with strike price K = 15. 
Chapter 4:Pncing Of Exotic Option 50 
Singleasset at the money Call option, S0=10.T=1,Sigma=20% 
5 10 15 
Number of Simulations in 10,000 
Figure 4.3: Call option with strike price K = 10; middle line depicts exact option 
value. 
Single asset at ttie money Put option, S0=10.T=1 .Sigma=20% 
10 15 
Number ot Simulations in 10.000 
Figure 4.4: Put option with strike price K = 10; middle line depicts exact option 
value. 
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4.3 Partial Differential Equations 
The Feynman Kac theorem says that the expectation of a stochastic process 
is given as the sohition to a partial differential equation. 
Theorem (Feynman-Kac) Assume that F G C '^^  and is a solution to the 
boundary value problem 
— (t, x) + /i(t, .x) — ( t , x) + -a\t, x) — {t, x) = 0, (4.2) 
V{T,x)=--'^{x). (4.3) 
Assume furthermore that the process a{s, X ( 5 ) ) f (5, X(s)) satisfies 
f'' dV 
J Ela{s,X{s))—is,Xis))]ds<<x, 
and is adapted to the T^ —filtration for all b > 0. Then V has the represen-
tation 
V{t,x) = Ea^X{T))], 
where X satisfies the SDE 
dX{s) = ii{t, x)X{s)ds + a{t, x)X{s)dW{s), 
X{t) = x. 
Proof: See [57]. 
In this section we use this theorem together with numerical methods for 
finding the solution of partial differential equation (4.2) to obtain prices of 
double barrier knock-out options. 
The main reference for this section is Seydel [66]. 
4.3.1 Black-Scholes Equation 
We are interested in the expectation 
V{t,S{t)) = E[^S{T))\Tl (4.4) 
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of the stochastic process 
dS{t) = rS{t)dt + aS{t)dW{t), 5(0) = SQ. 
From the Feynman-Kac theorem it is clear that the expectation in (4.4) is 
equal to the sohition of the following boundary value problem: 
dV a^S^d^V JV , , ^ 
This equation can transformed into the standard heat equation 
by taking 
dti d'^u 
Or dx"^' 
r 2r 
T ^ 
V ' ( f , 5 ) - F ( T - ^ ) = r ( r , . x ) , 
v[T,x) = Kexp{-~{q - l)x - {^{q - 1)^ + q)T}u{T,x). 
(4.5) 
l{q-l)x~{\ 
For European call options we have the final condition 
K(r ,5 r ) = m a x ( 5 r - / C 0 ) . 
After transformation we get 
u(0,,x) = max(ef('?+i)-e^(''-^),0). 
See Seydel [66] or Wilmott [73] for more details. 
Barrier options 
In order to solve the above equation we need some boundary conditions. In 
this Section we considering double barrier knock-out options which means 
Chapter 4:Pricmg Of Exotic Option 53 
whenever the stock hits one of the barriers the option will terminate. We 
will denote the lower and the upper barrier with 6'^  and B^ respectively. It is 
of course only meaningful to solve the pricing problem for the values of the 
stock between the values of the two barriers. Since the option has the value 
zero on the boundaries this naturally leads to the boundary conditions 
Vit, B') = 0, 
Or, after transfoimation, 
u(r,/n(BV-^)) = 0, 
u ( r , / a { B 7 / i ) ) - 0 . 
4.3.2 Finite Differences 
In this section we will consider a mixed finite difference scheme, the mixture 
of the implicit and the implicit methods. The idea behind the finite difference 
method is to appioximate the deiivatives in the partial differential eOiUation 
with finite differences 
V\'e will start by defining a grid for our domain Tmm < T < Tjnax ai^ <^  
i'mm <-r< Xmar- '^"ti L e t A T = {T^iaz-T,r,in) / ^^ a n d Ax = {imax-Xmin)!^ 
where M + I and A*' + 1 is the number of a grid points in the dimensions r 
and c respectively. The grid is given by: 
X, = i/\x, i = 0,..., A^ , 
r, = j A r , j = 0 , . . . , M . 
Given the step sizes of the grid we can define the following hnite differences 
for the partial derivatives occurring 
The forward finite difference irr r : 
dr AT 
+ 0{At). (4.6) 
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The backward finite difference in r : 
du t t t j - Ik J, 
dr Ai 
The finite difference in x: 
d'^u u,+i,j - 2xkj + u,_i J 
- + 0{At). (4.7) 
0{Ax''). (4. 
Combining (4.6) and (4.7) leads to the exphcit finite difference scheme: 
A T A.T2 • ^ ' ' 
The explicit finite difference scheme is stable for 0 < At/Ax'^ < 1/2. The 
implicit finite difference scheme, which is given by combining (4.7) and (4.8). 
is unconditionally stable; 
" i j + l ~ ''h.j _ » i + l j + l ~ '2'^h.j + l + ^ ' i - l . j + 1 
A T ~ A.x2 
For both the implicit and explicit finite difference scheme the discretization 
of the derivative of u w.r.t. T is of order 0 ( A T ) . In order to achieve higher 
convergence the implicit and explicit finite difference schemes may be com-
bined: 
AT " A./-2 
this scheme is called the Crank-Nicolson scheme. The method is uncon-
ditionally stable and the order is 0 ( A T ^ -f- 0(A.x^). For more on stability 
and convergence issues see Seydel [66]. The implementation was done in 
MATLAB. The results are given in table 4.5. 
4.4 Static Replication 
A portfolio of assets with the same payoff as some option will also have 
the same price as the option. In this Section we explore a way to set up 
^^•44 io 
Chapter 4:PT}cing Of Exotic Option 55 
a portfolio of European options that has approximately the same payoff as 
the barrier option. Since the portfolio almost has the same payoff as the 
barrier option it will almost replicate the option and thus their prices must 
be close to each other. The price of the replicating portfolio is not hard to 
find since it contains only European options which can be priced with explicit 
formulas. The more options we add to the portfolio the more accurate the 
price estimate becomes. 
We will start with method outlined in [f 8] to price single down-out con-
tracts and then use this method to price double barrier contracts in a similar 
fashion. 
4.4.1 Single Barrier Options 
To explain the idea behind this strategy we will start with considering a 
single barrier up out call option. The option will have a strike price K and 
a barrier at B with the relation K < B. Denote the exercise date T and let 
the starting date be denoted by tQ. 
Let V[i,St) and \"''''^{i,St) denote the value of the barrier option and 
the replicating portfolio respectively. Furthermore let C{f,St,K,T) denote 
the i)rice of an European call option with strike price K and exercise date 
T. Let us discretise the time space: f^ = iAt, i = 0...M. The idea is to 
create a portfolio of options with the maturities at f, for i — I...M such 
that VP{t,, B) = F{f„ B) for i = 0...i\/ - 1 and ^^{T, ST) = V{T, ST) for 
0<ST< B. 
The replicating portfolio can be created in a recursive way. Let us at 
time f = T. Since the barrier option is of call type it is reasonable to add an 
European call option with strike price K and exercise price T. The payoff of 
the replicating portfolio equals the payoff of the barrier option for 0 < 5^ < 
B. Next we add a number of European call options with maturity at t = T 
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and strike B such that the value of the portfoho equals zero at f = tM--i 
for S{iM-i) = B. Letayi/ denote the amount of the new option. Solving the 
following equation for a^ gives the required amount. 
aMC{t, B, B. T) + C(f, 5 , K, T) = 0. 
In the next step we will be add an option with maturity f = M-I and strike 
price B such that at time i — tM-i the value of the portfolio equals zero for 
S{h!-2) = B. Let 0^-2 denote this amount. Continuing in this way we get 
a recursive scheme for the weights of the options in the portfolio. 
Let a — («], ....ttA/) be a vector such that », is the number of options 
with maturity at f = fj in the portfolio. The recursive can then be written 
as: 
a'M = -C{tM-.i.B,KA^j)IC{tM_uBJ<.iM), 
-JEjUi cyjCjU.i,B,B,tj) + CJU^uB,K,i^) 
C{U^uB,B,ti) 
for ? = 1...M - 1. 
Finally we get the price of the corresponding barrier option as 
M-l 
? = 1 
4.4.2 Double Barrier Options 
Since single barrier options can be pi iced explicitly in the Black-scholes mar-
ket. What we are really interested in are double barrier options which does 
not have any closed form pricing formula. 
For the case of double barrier knock-out options. The only thing we 
need to add is a set of put options with strike prices at lower barrier. Let 
a'^ denote the vector of weights of the put options with strike prices at the 
lower barrier and a" denote the weights of the call options with strikes at 
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the upper barrier. Let: 
M = P{U,B\B^,t,) C{t„B\B\t,)J' 
,.d\ /r<fi nd 
a: 
«, B,= 'C{t„B',K,tM] 
vary ^ \C{U,B\K,tM)j' 
We now have the following recursion: 
A'M^I^^M + BM^\ = 0, 
M 
for'< = \...M - j . 
The price of the double barrier knock-out option is now given as 
M 
J = l 
4.4.3 Results 
The finite difference and the replicating strategy methods were implemented 
in MATLAB. The results are presented in table 4.5. For the finite difference 
method we mainly used the Crank-Nicolson scheme. For some extreme inputs 
the scheme seemed to be unstable [75] wherefore we used the fully implicit 
scheme instead. These values are denoted with * in the table. 
V\ e have chosen to use the same parameters as in some of the examples 
in [61] in order to able compare the results. The results match each other. 
a 
0.2 
0.2 
0.2 
0.3 
0.3 
0.3 
0.4 
0.4 
0.4 
Qd 
500 
800 
950 
500 
800 
950 
500 
800 
950 
QU 
1500 
1200 
1050 
1500 
1200 
1050 
1500 
1200 
1050 
FD 
66.1349 
22.1068 
0.0006* 
67.9074 
9.2859 
0.0000* 
53.3913 
3.1500 
0.0000* 
RP 
66.1349 
22.1068 
0.0006 
67.9075 
9.2860 
0.0000 
53.3913 
3.1504 
0.0000 
M C (std) 
66.37 
24.38 
0.01 (0.001) 
70.56 (0.25) 
11.83 (0.08) 
0(0) 
58.22 (0.24) 
4.71 (0.05) 
0(0) 
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Table 4.5: Double barrier knock-out option. S=1000, K=1000, r=0.05. FD: 
Finite Difference. Grid size: 1000 x 1000. *Prices were calculated using a 
purely irnpicit scheme. RP: Replicating portfolio method. Grid size: 1000. 
MC: Monte carlo method. Number of samples: 200000. Grid size: 100. 
Chapter 5 
Alternative Characterizations 
of American Put Options 
5.1 Introduction 
In this Chapter we have discussed various characterizations of American Put 
options. For more details and proof of theorems we refer to [14]. The history 
of the American option vahiation problem spans over a quarter of a century. 
In the framework of Samuelson's equilibruium pricing model, McKean [50] 
showed that the optimal stopping problel for determining an American op-
tion's price could be transfoimed into a free boundary problem. The insight 
allowed him to derive rigorous valuation formulas for finite-lived and perpet-
ual American options. Although the McKean equation explicitly represents 
the value of the finite-lived American option in terms of the exercise bound-
ary, the solution reveals little about the underlying sources of value for an 
American option and does not lend itself to analysis or implementation. 
Somewhat later, Black and Scholes [7] and Merton [55] developed a more 
satisfactory theory of option pricing using arbitrage-based arguments. Mer-
ton showed that while the Black-Scholes European option pricing methodol-
ogy applied to American call options on non-dividend paying stocks, it did 
not apply to American put options. He also observed that McKean's solu-
59 
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tions could be adapted to valuing American put options by replacing the 
expected rate of return on the put and its underlying stock with the riskless 
rate. This insight foreshadowed the later development of risk-neutral pric-
ing of Cox and Ross [17] and the equivalent martingale measure techniqe 
of Harrison and Kreps [30] and Harrison and Pliska [29]. The apphcation 
of this technology to the optimal stopping problem for the American put 
option was studied by Bensoussan [6] and Karatzas [41]. While the optimal 
stopping approach is both general and intuitive, it does not lead to tractable 
valuation results due to the difficulty involved in finding density functions 
for first passage times. 
The intractability of the optimal stopping approach lead Brcnnan and 
Schwartz [12] to investigate numerical solutions to the corresponding free 
boundary problem. Jaillet, Lamberton. and LaPeyre [37] rigorously justify 
the Brennan-Schvvartz algorithm for pricing American put options using the 
theory of variational ineciualities. Other numerical solutions were advanced 
by Parkinson [59] and Cox, Ro.ss and Rubinstein [17]. Geske and Shastri [25] 
compared the efficiency of these ap])icaches and explained why an analytic 
solution may be more efficient. Furthermore, Geske and .Johnson [26] argued 
that numerical solutions do not provide the intuition which the comparative 
statics of an analytic solution afford. 
Analytic approximations have been develoved by Johnson [40], MacMil-
lan [49], Omberg [58], and Barone-Adesi and Whaley [3]. Blomeyer [9] and 
Barone-Adesi and Whaley [4] extented these approximations to account for 
discrete dividends. However, these approximations cannot be made arbi-
trarily accurate. In contrast, the Geske and Johnson formula is arbitrarily 
accurate, although diffcult to evaluate unless extrapolation techniques are 
employed. 
The purpose of this chapter is to explore alternative characterizations 
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of the American put's value. These characterizations enhance our intuition 
about the sources of value of an American put. They also provide computa-
tional advantages, new analytic bounds, and new analytic approximations for 
this value. Our first characterization decomposes the American put value into 
the corresponding European put price and the early exercise premium. In 
contrast to approximations by IvIacMillan [49] and Barone-Adesi and Whaley 
[4], we provide an exact determination of the early exercise premium. This 
decomposition was also derived independently in Jacka [36] and Kim [43] 
using different mean. Another proof of the result and the nature of the early 
exercise premium is })rovidcd in [14]. In j^articular, it is shown that the early 
exercise premium is the value of an annuity that pays interest at a certain 
rate whenever the stock price is low enough so that early exercise is optimal. 
As in McKean [50], the formula for the American put value is a func-
tion of the exogenous variables and the exercise boundary. The function 
relating the boundary to the exogenous variables remains an unsolved prob-
lem, therefore the boundary can be determined numerically. Having priced 
American put options in terms of a boundary, the value of European put 
options in terms of a boundary is given in [14]. It is proved that this result 
is equivalent to the Black-Scholcs [7] formula for the price of a European 
put. This work [14] generralizes papers by Sicdenverg [65], and Carr and 
Jarrow [13], and should be of interest in its own right. With a particular 
choice of a boundary for European put formula, it is possible to decompose 
the American put value into its intrinsic value and its time value (or delayed 
exercise premium). Just as the early exercise premium capitalizes the ad-
ditional benefit of allowing exercise prior to maturity, the delayed exercise 
premium yields the additional value of permitting exercise after the valuation 
date. A second boundary choice for European put formula then recovers the 
McKean equation. In contrast to Geske and Johnson [26], all of the char-
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acterizations for the value of an American put involve only one dimensional 
normal distribution functions. 
The outline for this Chapter is as follows. In Section 5.2, we have given 
the decomposition of the American put value into the corresponding Euro-
pean put price and the early exercise premium. The Section 5.3 represents 
the corresponding European put price in terms of an arbitrary boundary. In 
Section 5.4, boundaries are selected in order to decompose the American put 
value into its intrinsic and time value, and to show the equivalence of main 
result to McKean's ecjuation. 
5.2 The Early Exercise Premium 
Throughout it is assumed the standard model of perfect capital markets, 
continuous trading, no arbitrage opportunities, a constant interest rate r > 0 
and a stock price St following a geometric Brownian motion with no payouts, 
i.e., 
7 C 
—^ = fidf + adWtjGv all t e [0,T], (5.1) 
St 
where the expected rate of return per unit time, /7, the instantaneous volatil-
ity per unit time, a > 0, arc constants. The term dWf denotes increments of 
a standard Wiener process defined on the time set [0,T] and on a complete 
probabihty space {Q., T, Q). 
Consider an American put option on the stock with strike price K and 
maturity date T. Let Pt denote the value of the American put at time i € 
[0, T\. For each time f € [0,T], there exists a critical stock price, Bt, below 
which the American put should be exercised early, i.e., if 
St<Bt, then Pt = max[0, K - St\ (5.2) 
and if 
St > Bt, then Pt > max[0, K - St]. (5.3) 
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The exercise boundary is the time path of critical stock prices, Bt, t G [0, T]. 
This boundary is independent of the current stock price ^o and is a smooth, 
nondecreasing function of time t terminating in the strike price, i.e. BT = K. 
The put value is also a function, denoted by P{S,t), mapping its domain 
V = (5,/) G [0,oo) X [0, T] into the nonnegative real hne. The exercise 
boundary, Bf,t € [0,T], divides this domain V into a stopping region .5 
= [0,Bt] X [0,T] and a continuation region C = (5f,oo) x [0,T]. Equation 
(5.2) indicates that in the stopping region, the put value function P{S,t), 
equals its exercise value, max[0, K — S\. In contrast, the inequality expressed 
in (5.3) shows that in the continuation region, the put is worth more "alive"' 
than "dead"'. Since the American put value is given by (5.2) if the stock price 
starts in the stopping region, we henceforth assume that the put is alive at 
the valuation date 0, i.e., SQ > BQ. 
The partial derivatives, ^ , | ^ and | ^ exist [37] and satisfy the Black-
Scholes partial differential equation [50. 55] in the continuation region C, 
i.e., 
~2 5 5 ^ ~ ~~aS ^P\S,t) + — - ^ — = 0. fo r (5 , t ) eC . (5.4) 
McKean's analysis implies that the An^crican put value function P{S, t) and 
the exercise boundary Bt jomtly solve a free boundary problem, consisting 
of (5.4) subject to the following boundary conditions: 
P(5,t) = max[0,A'-5] (5.5) 
limP(5,f) = 0 (5.6) 
Stoo 
\imP{S,t) = K-Bt (5.7) 
SiBt dt 
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Equation (5.5) states that the American put is European at expiration. Ex-
pression (5.6) shows that the American put's vahie tends to zero as the stock 
price approaches infinity. The value matching condition (5.7) and (5.2) imply 
that the put price is continuouss across the exercise boundary. Furthermore, 
the high contact condition (5.8) and (5.2) further imply that the slope is con-
tinuous. This condition was postulated by [64] and proved by [50]. Equations 
(5.7) and (5.8) are jointly referred to as the "smooth fit" conditions. 
Working within Samuelson's equilibrium framework, [50] solved the free 
boundary problem for the American call option. By applying his analysis 
to the American put option, and by replacing the expected rate of return 
on the option and stock by riskless rate, one obtains an analytic valuation 
formula for the put value and an integral equation for the exercise boundary, 
B^. Numerical evaluation of this integral equation is complicated by the 
fact that the integrand depends on the slope of the exercise boundary, which 
becomes infinte at maturity (lim^^T^ = oo). To avoid this difficulty, an 
alternative characterization for the American put's value is sought which 
does not involve the slope of the exercise boundary. 
Theorem 1 (Decomposition of the American Put) On the continuation 
region C. the American put value FQ, can be decmnpoaed into the correspond-
ing European put price po, and the early exercise 'premium, CQ; 
Fo = Po + eo (5.9) 
where, 
^^,Kl\-"Ni'^^m^^^>, 
./o V a\/T 
and N[T) = /^ exp( z/2)^^ -^  ^-^^ standard normal distribution function. 
/O 727r 
Proof : Kindly see [14]. 
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To understand this decomposition, consider the following trading strat-
egy which converts an American put option into a European one. Suppose 
that an investor holds one American put whenever the stock price is above 
the exercise boundary. When the stock price is at or below the boundary, 
the investor duplicates the put's exercise value by keeping K dollars in bonds 
and staying short one stock. Since the American put is worth more alive than 
dead above the boundary, the value of this portfolio at any time t G [0, T] is 
the larger of the put's holding and exercise values, i.e., max[F<, K — St]. 
The strategy's opening cost is the initial American put price PQ, since 
the stock price starts above the boundary by assumption {i.e., SQ > BQ). 
If and when the stock price crosses the exercise boundary from above, the 
investor exercise his put by shorting one share of stock to the writer and by 
investing the exercise price received in bonds. The "smoooth fit" condition 
(5.7) and (5.8) guarantee that these transitions at the exercise boundary are 
self-financing. However, when the stock price is below the boundary, interest 
earned on the K dollars in bonds must be siphoned off to maintain a level 
bond position. If and when the stock price crosses the exercise boundary 
from below, the investor liquidates this bond position, using the K dollars 
to buy one put for K — S dollars and to close his short stock position for 
S dollars. The "smooth fit" conditions again guarantee self-financing at the 
exercise boundary. At expiration, the strategy's liquidation value matches 
the payoff of a European put, max[0, K - ST], since the ahve American put 
is worthless above the boimdary. 
The present value of this terminal payoff is the initial European put 
price PQ. The initial early exercise premium Co, as defined in (5.9), equals 
the present value of interest accumulated while the stock price is below the 
buondary. The decomposition (5.9) then states that the initial investment in 
the trading strategy PQ, equates to the present value of the terminal payoff 
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Po, and the present value of these intermediate interest withdrawals CQ. 
The price of a European put at the valuation date 0 is given by the 
Black-Scholes formula. 
Po = Ke-'^N[hT) - SoNihr), (5.10) 
where A-.>r='''^''^''"ir"^^. hr = kor - aVT = '-^^^^^^^p^. and pi = 
(TV-/ ay I 
/72 + a^ = r + —-• Consequently, in the continuation region C, the initial 
American put value may be expressed as a function of the exogenous variables 
{So- K. T. r, a) and the cxeicisc boundary {Bf. t G [0, T]) : 
rj~i 
Po = Ke-'-'^N{k2T) - SoN{k,T) + vK I e-''N{h2t)dt, (5.11) 
Jo 
where 62* = /c2r = /f^^ •, P2 = r — a-/2. The initial boundary value 
BQ, is the initial stock piice 5*0, which implicitly solves the value matching 
condition (5.7): 
Ke-'^N{k2T) - SoN{kiT) + rK / e-'*N{b2t)dt = K - So. (5.12) 
Since the critical stock price BQ depends on future boundary values, Bf.t ^ 
[0,T], it must be determined by setting the terminal boundary value to the 
strike price {Bj = K) and working backwards through time. 
The equations (5.11) and (5.12) do not involve the slope of the exercise 
boundary, as in McKean"s equation. In addition, it has localized the effect of 
the exercise boundary, Bt,t e [0,7"], on the American put value to the last 
term in (5.11). Unfortunately, the boundary satisfies the nonlinear integral 
equation (5.12), which has no known analytic solution. However, solving 
(5.12) numerically for the exercise boundary is easier than in McKean's for-
mulation. The early exercise premium is increasing in the boundary. This 
observation allows to bound the American put value analytically. Suppose 
that an estimate for the boundary is known to be always greater (lesser) 
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than the true boundary B^. This estimate along with (5.11) then generates 
an upper (lower) bound on the put option. For example, the true bound-
ary, Bf , always lies between the strike price, K, and the exercise boundary 
for the perpetual put, B^ {i.e.K > B^ > B^ for all t e [0,T]). McKean 
[50] and Merton [55] calculated the perpetual boundary to be B^ = rK/pi. 
Consequently, it can bound the American put value PQ analytically: 
po+rK e-"N{ " • ' « > ' ^ jrf, > p„ > ,,„ + r K / f"" N{ ^ ' Z '-^),I1 ('.13) 
Jo rT\/T Jo (TV'7' 
The characterization also allows to approximate the American put value 
by replacing the exercise boundary Bt in (5.11) with an estimate for it, B : 
rT 
P„^P,+rK [ e-"Nr''''^i-'"*)dt. (5.14) 
Jo (^ V^ 
At a minimum, an estimator should satisfy the characteristics of the exercise 
boundary described at the start of this section. An example of such an 
estimator which leads to an analytic approximation is the discounted strike 
price, Bt = Ke~^'^'^''^\d > 0. For small times to maturity. Van Moerbeke [69] 
shows that the exercise boundary Bt, is approximately Ke''^'^^'^~'^, where a is 
a unitless constant. Conversely, for very long times to maturity, the exercise 
boundary Bt converges at an exponentially rate to the perpetual boundary 
Boo- An estimator which also accounts for both of these characeristics is 
an exponential weighted average [4] of the strike price and the perpetual 
boundary, Bt = Ke-'^^^' + B^oil - e - ^ v / ( ^ ) , ^ > 0. 
Besides the above benefits, the characterization also facilitates the analy-
sis of limiting values and comparative statics. For example, as the initial 
stock price approaches infinity, equation (5.11) indicates that the premiums 
for the European put and early exercise both tend to zero. Consequently, 
the American put value also vanishes, verifying the boundary condition (5.6) 
and confirming intuition. Differentiating (5.11) with respect to the initial 
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stock price yields the "delta" for the American put: 
^.„^„,)_.W'£;^*<0, (5.15) 
where N'{x) = ^^P(-^/ jg |^jg standard normal density fimction. Thus, as 
the initial stock price falls, the premiums for the European put and early 
exercise both rise. The early exercise premium rises because of the increased 
probability of stock price trajectories entering into the stopping region. As 
the initial stock price falls below the critical stock price, the American put 
is valued by (5.2). Consequently, as the stock piice approaches zero, the 
American put value remains constant at the strike price, which acts as an 
upper bound. Although the observed American put value remains constant 
at the strike price over time, this does not represent an arbitrage opportunity, 
since all puts written with positive strike prices are immediately exercised. 
The delta can also be used to determine a simpler integral equation 
for the exercise boundary Bt, t E [0,7"]. Using the high contact condition 
(5.8), the critical stock price BQ, is the initial stock price ^o which solves the 
following integral equation: 
vK - ^'"dt = N{-hT)- (5.16) 
Jo OQ(T\/t 
Once again, the entire exercise boundary can be generated numerically by 
working backwards though time. 
5.3 Representing European Puts in Terms of 
a Boundary 
The previous section priced American puts in terms of the exercise bound-
ary. This section represents the value of a European put in terms of the 
an arbitrary boundary. The alternative boundaries are selected to generate 
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various valuation formulas for a European put. These formulas enhance intu-
ition on the sources of value of a Eoropean put and are employed to generate 
additional characterizations of the American put's value. 
As in the Black-Scholes dynamic hedge, consider a trading strategy in 
stocks and bonds whose liquidation value at the expiration date T is the 
put's terminal payoff, max[0, K — ST]- Consider a strategy with the amount 
nif dollars held in bonds earning interest continuously at constant rate r and 
with the number of shares of stock equls to rif. The value of this strategy at 
any time t is : 
Vt = mt+nfSt. (5.17) 
Suppose transitions in stock holdings occiu' only at a positive, smooth, 
but otherwise arbitrary boundary At which terminates at the strike price; 
AT = K (5.18) 
Examples of such a boundary include the strike price K, the exercise bound-
ary for an American put Bt, or an estimator for this boundary 5,, as given in 
Section 5.1. An example of this type, termed the stop-loss start-gain strategy, 
defined by: 
m = l(s.<.4,}A; nt = -l{5t<.i,}, for all t G [0, T], (5.19) 
where 1{B} is the indicator function of the set [B]. This strategy involves 
keeping At dollars in bonds whenever the stock price St is at or below the 
boundary At- Funds are injected and withdrawn as required after accounting 
for the interest earned. The strategy also requires that one share of stock 
be held short when the stock price is at or below the boundary. No bonds 
or stocks are held above the boundary. The stop-loss start-gain strategy for 
specified boundaries has been previously studied by Hull and White [34], 
IngersoU and Siededverg [65] among others. Substituting (5.18) in (5.16) 
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implies that the value of the stop-loss start-gain strategy at any time t G [0, T] 
is: 
Vt - l{s,<MAt - lis,<A,}St = max[0, A - St]. (5.20) 
Consequently , from equation (5,17), this strategy replicates the payoff of a 
European put, i.e., VT = max[0,i^ — ST]- From (5.19) the initial investment 
in the strategy is VQ = inax[0,At - St]. Since the strategy replicates the 
European put's payoff, the put's value is given by this initial investment 
plus the present value of the external financing required to implement this 
strategy. 
Theorem 2 (Decomposition of the European Put) The European put 
price, po, is given by 
po = max[0, Ao-So] + ^ [ ^^^dt + / N{a2t)d{Ate-^'), (5.21) 
^ JQ 0\lt Jo 
where, 
au = '"^-^'/^^""",/>i=r + ^V2and a^t ^ '^^^^/fj)-"^' ^p^ = r-ay2. 
Proof: See [14]. 
In general, the European put value decomposes into three terms. The 
first term in (5.21) is the initial investment in the stop-loss start-gain strategy 
(5.19). The next term represents the present value of the external financing 
required because of adverse movements of the stock price at the arbitrary 
boundary At- The final term represents the present value of funds injected 
and withdrawn in order to keep At dollars in bonds whenever the stock price 
is at or below this boundary. The appendix proves that our representation 
(5.21) is equivalent to the Black-Scholes formula. 
In addition, the representation (5.21) is a generalization of the formula 
given in Carr and Jarrow [13]. To get this formula, [14] used the exponential 
boundary: 
At = Ke-'^^-'l (5.22) 
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Substituting(5.22) into Theorem 2 yields a decomposition [17] of the initial 
European put price into its intrinsic and time value: 
^ Jo cry/t \ ay 1 J 
where FQ = S'oe''^  is the initial forward price of the stock. The corresponding 
result for the binomial model is developed in [65]. 
Equation (5.23) indicates that the payoff of a European put is replicated 
by holding a pure discount bond paying K dollars at T and being short one 
stock whenever the stock price is at or below the present value of the strike 
price, i^e~^(^~'). While this strategy is self-financing below this boundary, 
external financing is required at the boundary. The first term in (5.23) is the 
initial investment in the strategy while the second is the present value of this 
external financing. 
Suppose that on the valuation date 0, we wish to price a European put 
with current strike price K growing at the riskless rate r. By the expiration 
date T, the exercise price will be Ke^^. Let the current price of this put be 
^0- Replacing K in (5.23) with Ke^^ gives : 
Margrabe [52] shows that this put is an upper bound for an American put 
with the strike price K. 
A second boundary choice in our representation of the European put op-
tion leads to another important decomposition. Consider a constant bound-
ary equal to the strike price: 
At = K. (5.25) 
Substituting (5.25) into Theorem 2 leads to the following decomposition 
of the European put value: 
po = max[0, K-SQ\+ / 
JQ 2 aVt 
TKe-''N{k 2t dt, (5.26) 
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where h, = M ^ ^ ^ ^ , ^ i = r + a'/2 and h, = MI<JM:zm^p^ = r-a^l2. 
Equation (5.26) indicates that the payoff of a European put can be replicated 
by keeping K dollars in bonds and being short one share whenever the put is 
at or in-the-money. No bonds or stocks are held when the put is out-of-the 
money. The first term represents the initial investment in the strategy while 
the other term gives the present value of the external financing needed to 
implement the strateg}'^ . 
5.4 Various American Put Representations 
This section uses main decomposition of the American put value in Theorem 
1 and rejjrcscntation of the European put price in Theorem 2 to derive two 
alternative characterizations of the American put's value. 
Substituting the European put formula (3.26) arising from the constant 
boundary At = K into Theorem 1 yields a decomposition of the American 
put value into its intrinsic value, max[0, A' — SQ], and its time value, also 
called the delayed exercise premium, do: 
Po = max[0, K - So] + do (5.27) 
where do = ^ J^ ^ d t - rK / ^ e'^-'[N{h, - NM]dt. 
This representation can be given a financial interpretation by rearranging 
it as: 
Po-max[0, i r -5o]=( io= / { ^ ^ ^ ^ ~ rKe-^'[N{k2t) - Nib^t)]] dt. 
Jo [ ^ (TVt J 
(5.28) 
The following strategy duplicates the time value of the American put in 
the continuation region. Suppose an investor holds an American put when 
it is at or out-of-the-money. When the stock price is strictly between the 
Chapter 5: Alternative Characterizations of American Put Options 73 
strike price and the exercise boundary, the investor continues to hold the 
American put, and in addition, holds one share of the stock while keeping 
K dollars in borrowings. When the stock price enters the stopping region, 
the investor exercise his put by delivering the share held and using the strike 
price received to pay off his borrowing. Consequently, the investor holds 
nothing in this region. The value of this strategy at any time t € [0, T] is 
Vt = 1{5,>B,}(P,-max[0, K~St]), which is the time value in the continuation 
region. Since the stock price starts in the continuation region (^o > BQ), 
the strategy has an initial investment of PQ - maxiO,/^ — ^o]. Since the 
exercise boundary terminates at the strike price {BT = K), this strategy 
has zero terminal value. The delayed exercise premium, as determined in 
(5.27), equals the present value of the intervening cash flows. Since there 
is no terminal payoff (5.28) then states that the initial investment in this 
strategy equates to the present value of these cash flows. The American put 
has the same value as a claim which paj's the exercise value immediately, and 
a flow equal to the sum of the stock price movement " around" the strike 
price loss interest on the strike price paid while the put is in-the-money but 
optimally held alive (i.e.A' > 5;. > Bt). 
The exercise boundary Bt,t ^ {^^T], can be determined implicitly from 
the condition (5.8) that there is no value in delaying exercise at this boundary 
{dt\s,=Bf = 0). Consequently, the critical stock price BQ is the initial stock 
price SQ that solves: 
I ^ '^dt = r / e-'-'[A(^2,) - N{b2t)]dt. (5.29) 
2 ,/o (J\/i JO 
Thus, the put is exercised as soon as the present value of the flow arising 
from movement of the stock price at the strike price equates to the present 
value of interest paid while the stock price is between the exercise boundary 
and the strike price. 
The decomposition (5.27) into intrinsic and time values can also be used 
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to bound the American put's value. Since the difference in cumulative nor-
mals in (5.28) is normegative, setting the difference to zero yields the following 
upper bound: 
PQ < max[0, K - 5o] + ^ [^ ^^^dt, (5.30) 
2 Jo (T\/t 
where recall kit = ' jT'''^• '^'^ o™ (5-26), this is the same upper bound 
as in (5.14). Comparing (5.30) with (5.24). we see that upper bound given 
by (5.30) is tighter if the American put is at or out-of-the-money {SQ > K). 
Using a result from Hadley and Whitin [28]. upper bound can be rewritten 
in terms of standard normal distribution functions: 
PQ < max[0, K - 5n] 
where A = 2/?i/cr^. Finally, to generate McKean's charaterization of the 
American put value, let the boundary used to price the European put be the 
exercise boundary for the American put: 
At = Bf (5.31) 
Then substituting (5.31) into Theorem 2 yields the following representation 
for the European put value: 
po = max[0,Bo-5o] + ^ / o ^ ^ ( i t + /;iV(620d(5,e-*) 
(5.32) 
= ^ / o ^ ^ ^ ^ + /o^^(Mrf(^ .e-*) . since 5o> Bo. 
Equation(5.32) indicates that the payoff to a European put can be 
achieved by keeping Bt dollars in bonds and staying short one share whenever 
the stock price is in the stopping region. No bonds or stocks are held when 
the stock price is in the continuation region. Since the stock price starts in 
this region, no investment is initially required. However, transitions at the 
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exercise boundary and the bond position below it are not self-financing. The 
first term in (5.32) gives the present value of the external financing required 
at the boundary, while the second term gives this present value below it. 
Substituting formula (5.32) for the European put price into Theorem 1 
yields the following formula for the value of an American Put: 
(5.33) 
To understand this decomposition, consider a strategy of the holding one 
American put whenever the stock price is above the exercise boundary. 'U'hen 
the stock price is in the stopping region, keep K — Bt dollars in bonds, but 
hold no puts or stocks. Since the stock price starts in the continuation region, 
the startup cost of the strategy is the initial American put price PQ. Since the 
American put is worthless the continuation region at expiration and Bj = K-, 
the strategy has no terminal payoff. In contrast to the strategy underlying 
Theorem 1, this strategy is not self-financing at the exercise boundary. The 
first term in (5.33) is the present value of the external financing at this 
boundary, while the second is this present value below it. Since there is no 
terminal payoff to this strategy, equation (5.33) indicates that its startup 
cost equates to the present value of its external financing requirement. 
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